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第 2章  

导数与微分  

 

一、基 本 内 容 

1. 导数的概念 
   (1) 函数 ( )y f x= 在点 0x 的导数; 
   (2) 函数 ( )y f x= 在点 0x 处的左、右导数; 
   (3) 函数 ( )y f x= 在开区间 I 内可导. 

2. 导数的几何意义 
3. 导数的物理意义 
4. 函数的可导性与连续性之间的关系 
   (1) 若函数 ( )y f x= 在点 0x 可导, 则函数在该点必连续; 

   (2) 函数在某点连续是函数在该点可导的必要条件, 但不是充分条件. 
5. 基本求导公式（常数和基本初等函数的导数） 
6. 基本求导法则 
   (1) 函数的和、差、积、商的求导法则; 
   (2) 反函数的求导法则; 
   (3) 复合函数的求导法则. 
7. 高阶导数 
8. 隐函数及由参数方程所确定的函数的微分法 
9. 微分的概念 
   (1) 函数在某点可微的定义; 
   (2) 函数在某点的微分与导数的关系; 
   (3) 函数在某点的改变量 yΔ 与微分dy 的关系; 

   (4) 函数在某区间内可微的定义. 
10. 基本微分公式（常数和基本初等函数的微分） 
11. 基本微分法则 
    (1) 函数的和、差、积、商的微分法则; 
    (2) 复合函数的微分法则. 
12. 函数在某点微分的几何意义 
13. 微分的应用 
    (1) 近似计算; 
   

* (2) 误差估计. 
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二、基 本 要 求 

1. 理解导数的概念, 理解导数的几何意义, 会求平面曲线的切线方程和法线方程, 了解导数的物

理意义, 会用导数描述一些物理量, 理解函数的可导性与连续性之间的关系. 
2. 掌握导数的四则运算法则和复合函数的求导法则, 掌握基本初等函数的导数公式. 
3. 了解高阶导数的概念, 会求简单函数的高阶导数. 
4. 会求分段函数的导数, 会求隐函数和由参数方程所确定的函数以及反函数的导数. 
5. 理解微分的概念, 理解导数与微分的关系. 
6. 了解微分的四则运算法则和一阶微分形式的不变性, 会求函数的微分. 
7. 理解微分在近似计算中的应用. 

三、习 题 解 答 

习题2-1  

1. 设物体绕定轴旋转, 在时间间隔[0, ]t 内转过角度θ , 从而转角θ 是 t 的函数: ( )tθ θ= . 如果旋

转是匀速的, 那么称
t
θω = 为该物体旋转的角速度. 如果旋转是非均匀的, 应怎样确定该物体

在时刻 0t 的角速度? 
解  当时间由 0t 变为 0t t+ Δ 时, 物体旋转的转角相应地由 0( )tθ 变为 0( )t tθ + Δ , 这段时间内物

体旋转的平均角速度为 

0 0( ) ( )t t t
t

θ θ+ Δ −
Δ

, 

如果极限 

0 0
0

( ) ( )
lim
t

t t t
t

θ θ
Δ →

+ Δ −
Δ

 

存在, 此极限称为物体在时刻 0t 的角速度, 即物体在时刻 0t 的角速度为 0( )tθ ′ . 

 
2. 当物体的温度高于周围介质的温度时, 物体就不断冷却. 若物体的温度T 与时间 t 的函数关系

为 ( )T T t= , 应怎样确定该物体在时刻 t 的冷却速度? 
解  当时间由 t 变为 t t+ Δ 时, 物体的温度相应地由 ( )T t 变为 ( )T t t+ Δ , 这段时间内物体的平

均冷却速度为 
( ) ( )T t t T t

t
+ Δ −
Δ

, 

如果极限 

0

( ) ( )lim
t

T t t T t
tΔ →

+ Δ −
Δ

 

存在, 此极限称为物体在时刻 t 的冷却速度, 即物体在时刻 t 的冷却速度为 ( )T t′ . 
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3. 设某工厂生产 x 件产品的成本为 2( ) 2000 100 0.1C x x x= + − （元）, 函数 ( )C x 称为成本函数, 成
本函数 ( )C x 的导数 ( )C x′ 在经济学中称为边际成本. 试求: 

(1) 当生产100 件产品时的边际成本; 
(2) 生产第101件产品时的成本, 并与(1)中求得的边际成本做比较, 说明边际成本的实际意义. 
解  (1) 边际成本为 

( ) 100 0.2C x x′ = − . 

生产100 件产品时的边际成本为 
(100) 100 0.2 100 80C =′ = − ⋅ （元/件）. 

(2) 生产第101件产品时的成本为 
2 2(101) (100) (2000 100 101 0.1 101 ) (2000 100 100 0.1 100 )C C− = + ⋅ − ⋅ − + ⋅ − ⋅ = 79.9 （元）. 

边际成本的实际意义: 生产 x 件产品时的边际成本, 可以解析为生产 x 件产品后, 再生产一件

产品的成本. 
 

4. 设 2( ) 10f x x= , 试按定义求 ( 1)f ′ − . 

解  由导数的定义得 
2 2

1 1

( ) ( 1) 10 10 ( 1)( 1) lim lim
( 1) 1x x

f x f xf
x x→− →−

− − − ⋅ −′ − = =
− − + 1

lim 10( 1) 20
x

x
→−

= − = − . 

 
5. 证明 (cos ) sinx x′ = − . 

证明  令 ( ) cosf x x= , 则 

0 0

0

0

( ) ( ) cos( ) cos( ) lim lim

2sin sin
2 2lim

sin
2lim sin sin

2
2

x x

x

x

f x x f x x x xf x
x x

x x x x x x

x
x

xx x
x

Δ → Δ →

Δ →

Δ →

+ Δ − + Δ −′ = =
Δ Δ
+ Δ + + Δ −⎛ ⎞ ⎛ ⎞− ⋅⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠=
Δ

Δ⎛ ⎞
⎜ ⎟Δ⎛ ⎞ ⎝ ⎠= − + ⋅ = −⎜ ⎟ Δ⎝ ⎠

, 

即 (cos ) sinx x′ = − . 

 
6. 下列各题中均假定 0( )f x′ 存在, 按照导数定义观察下列极限, 指出 A 表示什么. 

(1) 0 0
0

( ) ( )
lim
x

f x x f x
A

xΔ →

− Δ −
=

Δ
; 

(2) 
0

( )lim
x

f x A
x→

= , 其中 (0) 0f = , 且 (0)f ′ 存在; 

(3) 0 0
0

( ) ( )
lim
h

f x h f x h
A

h→

+ − −
= . 

解  (1) 0 0
0

( ) ( )
lim
x

f x x f x
A

xΔ →

− Δ −
=

Δ
[ ]0 0

0

( ) ( )
lim ( 1)
x

f x x f x
xΔ →

+ −Δ −
= − ⋅

−Δ 0( )f x′= − . 
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(2) 
0

( )lim
x

f xA
x→

=
0

( ) (0)lim (0)
0x

f x f f
x→

− ′= =
−

. 

(3) 

[ ] [ ]

[ ]

0 0
0

0 0 0 0

0

0 00 0
0

0 0 0

( ) ( )
lim

( ) ( ) ( ) ( )
lim

( ) ( )( ) ( )
lim

( ) ( ) 2 ( )

h

h

h

f x h f x h
A

h
f x h f x f x h f x

h
f x h f xf x h f x

h h

f x f x f x

→

→

→

+ − −
=

+ − − − −
=

⎧ ⎫+ − −+ −⎪ ⎪= +⎨ ⎬
−⎪ ⎪⎩ ⎭

′ ′ ′= + =

. 

以下两题中给出了四个结论, 从中选择一个正确的结论. 
 

7. 设 

( )
3

2

2 , 1,
3

, 1.

x x
f x

x x

⎧
⎪= ⎨
⎪ >⎩

≤
 

则 ( )f x 在 1x = 处的(    ). 

A. 左、右导数都存在            B. 左导数存在, 右导数不存在 
C. 左导数不存在, 右导数存在     D. 左、右导数都不存在 
解  B. 

1

( ) (1)(1)= lim
1x

f x ff
x−−

→

−′
−

3

1

2 2
3 3= lim

1x

x

x−→

−

−
2

1

2= lim ( 1) 2
3x

x x
−→

+ + = , 

1

( ) (1)(1)= lim
1x

f x ff
x++

→

−′
−

2

1

2
3= lim

1x

x

x+→

−
= ∞

−
. 

 
8. 设 ( )f x 可导, ( )( ) ( ) 1 sinF x f x x= + , 则 (0) 0f = 是 ( )F x 在 0x = 处可导的(    ). 

A. 充分必要条件             B. 充分条件但非必要条件 
C. 必要条件但非充分条件     D. 既非充分条件又非必要条件 
解  A. 

0

( ) (0)(0) lim
0x

F x FF
x−−

→

−′ =
− 0

( )(1 sin ) (0)= lim
x

f x x f
x−→

− −
0

( ) (0) sin= lim ( )
x

f x f xf x
x x−→

−⎡ ⎤− ⋅⎢ ⎥⎣ ⎦
 

         
0

( ) (0) sin= lim ( )
0x

f x f xf x
x x−→

−⎡ ⎤− ⋅⎢ ⎥−⎣ ⎦
(0) (0)f f′= − , 

   
0

( ) (0)(0) lim
0x

F x FF
x++

→

−′ =
− 0

( )(1 sin ) (0)= lim
x

f x x f
x+→

+ −  

         
0

( ) (0) sin= lim ( )
x

f x f xf x
x x+→

−⎡ ⎤+ ⋅⎢ ⎥⎣ ⎦ 0

( ) (0) sin= lim ( )
0x

f x f xf x
x x+→

−⎡ ⎤+ ⋅⎢ ⎥−⎣ ⎦
(0) (0)f f′= + , 

( )F x 在 0x = 处可导的充分必要条件为 (0) (0)F F+ −
′ ′= , 即 (0) 0f = . 
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9. 求下列函数的导数. 

(1) 4y x= ;  (2) 3 2y x= ;  (3) 1.6y x= ;  (4) 1y
x

= ; 

(5) 2
1y
x

= ;  (6) 3 5y x x= ⋅ ; (7) 
32 2

5

x xy
x

⋅
= . 

解  (1) 34y x′ = . 

(2) 
2

3 2 3y x x= = . 

当 0x ≠ 时, 
2 11
3 32 2

3 3
y x x

− −
′ = = ;  当 0x = 时, ( )

3 2

0

00 lim
0x

xy
x→

−′ =
− 30

1lim
x x→

= = ∞ . 

函数在 0x = 处不可导. 
(3) 0.61.6y x′ = . 

(4) 
1
21y x

x

−
= = , 

1 31
2 21 1

2 2
y x x

− − −
′ = − = − . 

(5) 2
2

1y x
x

−= = , 2 1 3
3

22 2y x x
x

− − −′ = − = − = − . 

(6) 
16

3 5 5y x x x= ⋅ = , 
16 111
5 516 16

5 5
y x x

−
′ = = . 

(7) 
132 2
6

5

x xy x
x

⋅
= = , 

1 51
6 61 1

6 6
y x x

− −
′ = = . 

 
10. 已知物体的运动规律为 3s t= m, 求该物体在 2t = s 时的速度. 

解  23s t′ = , 物体在 2t = s 时的速度为 2
2 3 2 12ts

=
′ = × = m/s. 

 
11. 如果 ( )f x 为偶函数, 且 (0)f ′ 存在, 证明 (0) 0f ′ = . 

解  因为 

0 0

(0 ) (0) ( ) (0)(0) lim lim
x x

f x f f x ff
x xΔ → Δ →

+ Δ − Δ −′ = =
Δ Δ

, 

( )f x 为偶函数, ( ) ( )f x f xΔ = −Δ , 

[ ]
0 0

0 ( ) (0)( ) (0)(0) lim lim
x x

f x ff x ff
x xΔ → Δ →

+ −Δ −−Δ −′ = = −
Δ −Δ

(0)f ′= − , 

所以 (0) 0f ′ = . 

 

12. 求曲线 siny x= 在具有下列横坐标的各点处切线的斜率: 2 π
3

x = ; πx = . 

解  因为 cosy x′ = , 所以切线的斜率分别为 

2π
3

2 1cos π
3 2xy

=
⎛ ⎞′ = = −⎜ ⎟
⎝ ⎠

;  π cos π 1xy
=

′ = = − . 

 

13. 求曲线 cosy x= 上点
π 1,
3 2

⎛ ⎞
⎜ ⎟
⎝ ⎠

处的切线方程和法线方程. 
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解  因为 siny x′ = − , 所以切线斜率为 π
3

π 3sin
3 2xy

=
⎛ ⎞′ = − = −⎜ ⎟
⎝ ⎠

, 因而切线方程为 

1 3 π
2 2 3

y x⎛ ⎞− = − −⎜ ⎟
⎝ ⎠

, 

即 ( )3 1 3 3π 0
2 6

x y+ − + = . 法线斜率为
π
3

1 2
3xy

=

− =
′

, 法线方程为 

1 2 π
2 33

y x⎛ ⎞− = −⎜ ⎟
⎝ ⎠

, 

即
2 3 1 (9 4 3π) 0

3 18
x y− + − = . 

 
14. 求曲线 exy = 在点 (0,1)处的切线方程. 

解  因为 exy′ = , 所以切线斜率为 0 1xy
=

′ = , 因而切线方程为 1 1 ( 0)y x− = ⋅ − , 即 

1 0x y− + = . 

 
15. 在抛物线 2y x= 上取横坐标为 1 1x = 及 2 3x = 的两点, 作过这两点的割线. 问该抛物线上哪一

点的切线平行于这条割线? 
解  2y x′ = , 1 1xy

=
= , 3 9xy

=
= , 由题意得 

9 12
3 1

x −
=

−
, 

所以 2x = . 又 2 4xy
=
= , 因而所求点坐标为 (2,4) . 

 
16. 讨论下列函数在 0x = 处的连续性与可导性. 

(1) siny x= ;  (2) 
2 1sin , 0,

0, 0.

x x
xy

x

⎧ ≠⎪= ⎨
⎪ =⎩

 

解  (1)令 ( )y f x= , 则 

                   
0

( ) (0)(0) = lim
0x

f x ff
x−−

→

−′
− 0

sin= lim 1
x

x
x−→

−
= − , 

                         
0

( ) (0)(0)= lim
0x

f x ff
x++

→

−′
− 0

sin= lim 1
x

x
x+→

= , 

因为 (0) (0)f f+ −
′′ ≠ , 所以函数在 0x = 处不可导; 又 

0
(0 ) lim ( sin ) 0

x
f x

−

−

→
= − = , 

0
(0 ) lim (sin ) 0

x
f x

+

+

→
= = , 

(0 ) (0 ) (0)f f f− += = , 

所以函数在 0x = 处连续. 
(2) 令 ( )y f x= , 则 

0

( ) (0)(0) lim
0x

f x ff =
x→

−′
−

2

0

1sin
= lim

x

x
x

x→ 0

1= lim sin 0
x

x
x→
= . 故函数在 0x = 处可导, 因而连续. 



 
第 2 章  导数与微分    51

17. 设函数 
2 , 1,

( )
, 1.

x x
f x

ax b x
⎧⎪= ⎨

+ >⎪⎩

≤
 

为了使函数 ( )f x 在 1x = 处连续且可导, a 和b 应取什么值? 

解  2

1
(1 ) lim 1

x
f x

−

−

→
= = , 

1
(1 ) lim ( )

x
f ax b a b

+

+

→
= + = + , 由函数 ( )f x 在 1x = 处连续, 得 

(1 ) (1 ) (1)f f f− += = , 

即 1a b+ = . 又 

1

( ) (1)(1) = lim
1x

f x ff
x−−

→

−′
−

2

1

1= lim 2
1x

x
x−→

−
=

−
, 

++ 1

( ) (1)(1)= lim
1x

f x ff
x→

−′
− 1

( ) 1= lim
1x

ax b
x+→

+ −
− 1

( ) ( )= lim
1x

ax b a b a
x+→

+ − +
=

−
, 

由函数 ( )f x 在 1x = 处可导, 得 

(1) (1)f f− +
′ ′= , 

即 2a = , 所以 1b = − . 
 

18. 已知
2 , 0,( )

, 0.
x xf x

x x
⎧⎪= ⎨
− <⎪⎩

≥  求 (0)f +
′ 及 (0)f −

′ , 又 (0)f ′ 是否存在? 

解  
2

0 0 0

( ) (0)(0)= lim = lim = lim 0
0x x x

f x f xf x
x x+ + ++

→ → →

−′ =
−

, 
0 0

( ) (0)(0) = lim = lim 1
0x x

f x f xf
x x− −−

→ →

− −′ = −
−

, 

由于 (0) (0)f f+ −
′ ′≠ , 因而 (0)f ′ 不存在. 

 

19. 已知 ( )
sin , 0,

, 0.

x x
f x

x x

⎧ <⎪= ⎨
⎪⎩ ≥

 求 ( )f x′ . 

解  当 0x < 时, ( ) sinf x x= , ( ) cosf x x′ = , 当 0x > 时, ( )f x x= , ( ) 1f x′ = . 

当 0x = 时, 

0

( ) (0)(0)= lim
0x

f x ff
x−−

→

−′
− 0

sin= lim 1
x

x
x−→

= , 

0

( ) (0)(0)= lim
0x

f x ff
x++

→

−′
− 0

= lim 1
x

x
x+→
= , 

(0) (0)f f+ −
′ ′= , 

所以 (0) 1f ′ = . 因而
cos , 0,

( )
1, 0.

x x
f x

x
<⎧′ = ⎨

⎩ ≥
 

 
20. 证明: 双曲线 2xy a= 上任一点处的切线与两坐标轴构成的三角形的面积都等于 22a . 

证明  
2

2
ay
x

′ = − , 
0

2

2
0

x x
ay
x=

′ = − . 

双曲线 2xy a= 上任一点 0x 处的切线方程为 
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2 2

02
0 0

( )a ay x x
x x

− = − − . 

当 0y = 时, 02x x= ; 当 0x = 时, 
2

0

2ay
x

= . 即切线在两坐标轴上的截距分别为 02x , 
2

0

2a
x

. 

因而切线与两坐标轴构成的三角形的面积为
2

2
0

0

1 22 2
2

aS x a
xΔ = ⋅ ⋅ = . 

习题2-2  

1. 推导余切函数及余割函数的导数公式: 2(cot ) cscx x′ = − , (csc ) csc cotx x x′ = − . 

解  cos(cot )
sin

xx
x

′⎛ ⎞′ = ⎜ ⎟
⎝ ⎠ 2

(cos ) sin cos (sin )
sin

x x x x
x

′ ′−
= 2

( sin )sin cos (cos )
sin

x x x x
x

− −
=  

           
2

2
1 csc

sin
x

x
= − = − ,   

即 2(cot ) cscx x′ = − . 

1(csc )
sin

x
x

′⎛ ⎞′ = ⎜ ⎟
⎝ ⎠ 2

(1) sin 1 (sin )
sin
x x

x

′ ′− ⋅
= 2

0 sin cos 1 cos csc cot
sin sinsin

x x x x x
x xx

⋅ −
= = − ⋅ = − , 

即 (csc ) csc cotx x x′ = − . 
 

2. 求下列函数的导数. 

(1) 3
4

7 2 12y x
xx

= + − + ;  (2) 35 2 3ex xy x= − + ; (3) 2 tan sec 1y x x= + − ; 

(4) sin cosy x x= ⋅ ;   (5) 2 lny x x= ;   (6) 3e cosxy x= ; (7) ln xy
x

= ; 

(8) 2
e ln 3

x

y
x

= + ;    (9) 2 ln cosy x x x= ;  (10) 1 sin
1 cos

ts
t

+
=

+
. 

解  (1) 3 4 1( ) (7 ) (2 ) (12)y x x x− −′ ′ ′ ′′ = + − + 2 5 23 7( 4) 2( 1) 0x x x− −= + − − − + 2
5 2

28 23x
x x

= − + . 

(2) 3(5 ) (2 ) (3e )x xy x ′ ′ ′′ = − + 25 3 2 ln 2 3ex xx= ⋅ − + 215 2 ln 2 3ex xx= − + . 

(3) (2 tan ) (sec ) (1)y x x′ ′ ′′ = + − 22sec sec tan 0x x x= + − sec (2sec tan )x x x= + . 

(4) (sin ) cos sin (cos )y x x x x′ ′′ = + cos cos sin ( sin ) cos 2x x x x x= + − = . 

(5) 2 2( ) ln (ln )y x x x x′ ′′ = + 2 12 lnx x x
x

= + ⋅ (1 2ln )x x= + . 

(6) (3e ) cos 3e (cos )x xy x x′ ′′ = + 3e cos 3e ( sin )x xx x= + − 3e (cos sin )x x x= − . 

(7) 1 1 1( ln ) ( ) ln (ln )y x x x x x x− − −′ ′ ′′ = = + 2 1
2

1 1 lnln xx x x
x x

− − −
= − + ⋅ = . 

(8) 2 2 2( e ln 3) ( ) e (e ) (ln 3)x x xy x x x− − −′ ′ ′ ′′ = + = + + 3 22 e e 0x xx x− −= − + + 3

e ( 2)x x
x
−

= . 

(9) 2 2( ln ) cos ln (cos )y x x x x x x′ ′′ = + 2 2 2[( ) ln (ln ) ]cos ln ( sin )x x x x x x x x′ ′= + + −  
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2 212 ln cos ln sinx x x x x x x

x
⎛ ⎞= + ⋅ −⎜ ⎟
⎝ ⎠

2(2 ln ) cos ln sinx x x x x x x= + − . 

(10) 2
(1 sin ) (1 cos ) (1 sin )(1 cos )

(1 cos )
t t t ts

t

′ ′+ + − + +′ =
+ 2

(0 cos )(1 cos ) (1 sin )(0 sin )
(1 cos )

t t t t
t

+ + − + −
=

+
 

       2
cos sin 1

(1 cos )
t t

t
+ +

=
+

. 

 
3. 求下列函数在给定点处的导数. 

(1) sin cosy x x= − , 求 π
6

xy
=

′ 和 π
4

xy
=

′ ;  

(2) 1sin cos
2

ρ θ θ θ= + , 求
π
4

d
d θ

ρ
θ =

;  

(3) 
23( )

5 5
xf x

x
= +

−
, 求 (0)f ′ 和 (2)f ′ . 

解  (1) (sin ) (cos ) cos siny x x x x′ ′′ = − = + , π
6

π π 1 3cos sin
6 6 2xy

=

+′ = + = ; 

π
4

π πcos sin 2
4 4xy

=
′ = + = . 

(2) d 1( sin ) cos
d 2
ρ θ θ θ
θ

′⎛ ⎞′= + ⎜ ⎟
⎝ ⎠

1( ) sin (sin ) ( sin )
2

θ θ θ θ θ′ ′= + + −
1 sin cos
2

θ θ θ= + , 

π
4

d 1 π π π 2sin cos (2 π)
d 2 4 4 4 8θ

ρ
θ =

= + ⋅ = + . 

(3) 2
2

(3) (5 ) 3(5 ) 1( ) ( )
5(5 )

x xf x x
x

′ ′− − − ′′ = +
− 2

0 (5 ) 3(0 1) 1 2
5(5 )

x x
x

⋅ − − −
= + ⋅

− 2
3 2

5(5 )
x

x
= +

−
, 

( ) 2
3 2 0 30

5 25(5 0)
f ⋅′ = + =

−
; 2

3 2 2 17(2)
5 15(5 2)

f ⋅′ = + =
−

. 

 

4. 以初速度 0v 竖直上抛的物体, 其上升高度 s 与时间 t 的关系是 2
0

1
2

s v t gt= − . 求:  

(1) 该物体的速度 ( )v t ; (2) 该物体达到最高点的时刻. 

解  (1) 2
0

1( ) ( )
2

v t s v t gt
′⎛ ⎞′′= = − ⎜ ⎟

⎝ ⎠
0

11 2
2

v g t= ⋅ − ⋅ 0v gt= − . 

(2) 设 0t 时刻物体达到最高点, 则 0( ) 0v t = , 即 0 0 0v gt− = , 所以 0
0

v
t

g
= . 

 
5. 求曲线 22siny x x= + 上横坐标为 0x = 的点处的切线方程和法线方程. 

解  2(2sin ) ( ) 2cos 2 2(cos )y x x x x x x′ ′′ = + = + = + . 

所求切线斜率为 1 0 2(cos0 0) 2xk y
=

′= = + = , 又 2
0 2sin 0 0 0xy

=
= + = , 所以切点为 (0,0) , 所

求切线方程为 0 2( 0)y x− = − , 即 2 0x y− = . 所求法线斜率为 2
1

1 1
2

k
k

= − = − , 所求法线方
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程为 
10 ( 0)
2

y x− = − − , 

即 2 0x y+ = . 

 
6. 求下列函数的导数. 

(1) 4(2 5)y x= + ;  (2) cos(4 3 )y x= − ;  (3) 
23e xy −= ;   (4) 2ln(1 )y x= + ; 

(5) 2siny x= ;  (6) 2 2y a x= − ;  (7) 2tany x= ;  

(8) arctan(e )xy = ; (9) 2(arcsin )y x= ;  (10) ln cosy x= . 

解  (1) 34(2 5) (2 5)y x x ′′ = + ⋅ + 34(2 5) (2 0)x= + ⋅ + 38(2 5)x= + . 

(2) sin(4 3 ) (4 3 )y x x ′′ = − − ⋅ − sin(4 3 ) (0 3)x= − − ⋅ − 3sin(4 3 )x= − . 

(3) 
23 2e ( 3 )xy x− ′′ = ⋅ −

23e ( 3 2 )x x−= ⋅ − ⋅
236 e xx −= − . 

(4) 2
2

1 (1 )
1

y x
x

′′ = ⋅ +
+ 2

1 (0 2 )
1

x
x

= ⋅ +
+ 2

2
1

x
x

=
+

. 

(5) 2sin (sin )y x x ′′ = ⋅ 2sin cos sin 2x x x= ⋅ = . 

(6) 
1 1

2 2 2 2 2 22 21[( ) ] ( ) ( )
2

y a x a x a x
−

′ ′′ = − = − ⋅ −
1

2 2 21 ( ) (0 2 )
2

a x x
−

= − ⋅ −
2 2

x

a x
= −

−
. 

(7) 2 2 2sec ( )y x x ′′ = ⋅ 2 2sec (2 )x x= ⋅ 2 22 secx x= . 

(8) 2
1 (e )

1 (e )
x

xy ′′ = ⋅
+ 2

1 e
1 e

x
x= ⋅

+ 2
e

1 e

x

x=
+

. 

(9) 2arcsin (arcsin )y x x ′′ = ⋅
2

12arcsin
1

x
x

= ⋅
− 2

2arcsin

1

x

x
=

−
. 

(10) 1 (cos )
cos

y x
x

′′ = ⋅
1 ( sin ) tan

cos
x x

x
= ⋅ − = − . 

 
7. 求下列函数的导数. 

(1) arcsin(1 2 )y x= − ; (2) 
2

1

1
y

x
=

−
; (3) 2e cos3

x

y x
−

= ; (4) 1arccosy
x

= ; 

(5) 1 ln
1 ln

xy
x

−
=

+
;  (6) sin 2xy

x
= ; (7) arcsiny x= ; (8) 2 2ln( )y x a x= + + ; 

(9) ln(sec tan )y x x= + ;   (10) ln(csc cot )y x x= − . 

解 (1) 
2

1 (1 2 )
1 (1 2 )

y x
x

′′ = ⋅ −
− − 2

1 (0 2)
1 (1 2 )x

= ⋅ −
− − 2

1

x x
= −

−
. 

(2) 
1 3

2 2 22 21[(1 ) ] (1 ) (1 )
2

y x x x
− −

′ ′′ = − = − − ⋅ −
3

2 21 (1 ) (0 2 )
2

x x
−

= − − ⋅ −
2 2(1 ) 1

x

x x
=

− −
. 

(3) 2 2(e ) cos3 e (cos3 )
x x

y x x
− −

′ ′′ = + 2 2e cos3 e ( sin 3 )(3 )
2

x xx x x x
− −′⎛ ⎞ ′= − + −⎜ ⎟
⎝ ⎠  

      
21 e (cos3 6sin 3 )

2

x

x x
−

= − + . 
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(4) 
2

1 1

11

y
x

x

′⎛ ⎞′ = − ⋅⎜ ⎟
⎝ ⎠⎛ ⎞− ⎜ ⎟

⎝ ⎠

2

2
( )

1

x
x

x
−= − ⋅ −

− 2

1

1x x
=

−
. 

(5) 2
(1 ln ) (1 ln ) (1 ln )(1 ln )

(1 ln )
x x x xy

x
′ ′− + − − +′ =

+ 2

1 10 (1 ln ) (1 ln ) 0

(1 ln )

x x
x x

x

⎛ ⎞ ⎛ ⎞− + − − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠=

+
 

      2
2

(1 ln )x x
= −

+
. 

(6) 2
(sin 2 ) sin 2 ( )x x x xy

x
′ ′−′ = 2

cos 2 (2 ) sin 2x x x x
x
′ −

= 2
2 cos 2 sin 2x x x

x
−

= . 

(7) 
2

1 ( )
1 ( )

y x
x

′′ = ⋅
−

1
21 1

21
x

x

−⎛ ⎞
= ⋅⎜ ⎟⎜ ⎟− ⎝ ⎠ 2

1

2 x x
=

−
. 

(8) 2 2

2 2

1 ( )y x a x
x a x

′′ = ⋅ + +
+ +

1
2 2 2 22

2 2

1 11 ( ) ( )
2

a x a x
x a x

−⎡ ⎤
′= ⋅ + + +⎢ ⎥

⎢ ⎥+ + ⎣ ⎦
 

      

1
2 2 2

2 2

1 11 ( ) (0 2 )
2

a x x
x a x

−⎡ ⎤
= ⋅ + + +⎢ ⎥

⎢ ⎥+ + ⎣ ⎦ 2 2

1

a x
=

+
. 

(9) 1 (sec tan )
sec tan

y x x
x x

′′ = ⋅ +
+

21 (sec tan sec ) sec
sec tan

x x x x
x x

= ⋅ + =
+

. 

(10) ( )1 csc cot
csc cot

y x x
x x

′′ = ⋅ −
−

21 csc cot ( csc )
csc cot

x x x
x x

⎡ ⎤= ⋅ − − −⎣ ⎦−
csc x= . 

 
8. 求下列函数的导数. 

(1) 
2

arcsin
2
xy ⎛ ⎞= ⎜ ⎟

⎝ ⎠
; (2) ln tan

2
xy = ;  (3) 21 lny x= + ;   (4) arctane xy = ; 

(5) sin cosny x nx= ; (6) 1arctan
1

xy
x
+

=
−

;  (7) arcsin
arccos

xy
x

= ;   (8) ln ln lny x= ; 

(9) 1 1
1 1

x xy
x x

+ − −
=

+ + −
; (10) 1arcsin

1
xy
x

−
=

+
. 

解  (1) 2arcsin arcsin
2 2
x xy

′⎛ ⎞′ = ⋅⎜ ⎟
⎝ ⎠ 2

12arcsin
2 2

1
2

x x

x

′⎛ ⎞= ⋅ ⋅⎜ ⎟
⎝ ⎠⎛ ⎞− ⎜ ⎟

⎝ ⎠

 

            
2

2 12arcsin
2 24

x

x
= ⋅ ⋅

− 2

2arcsin
2

4

x

x
=

−
. 

(2) 1 tan
2tan

2

xy
x

′⎛ ⎞′ = ⋅⎜ ⎟
⎝ ⎠

21 sec
2 2tan

2

x x
x

′⎛ ⎞= ⋅ ⋅⎜ ⎟
⎝ ⎠

21 1sec
2 2tan

2

x
x

= ⋅ ⋅
1 1 csc

sin2sin cos
2 2

x
x x x

= = = . 

(3) 
1

2 221 (1 ln ) (1 ln )
2

y x x
−

′′ = + ⋅ +
1

2 21 (1 ln ) 0 2ln (ln )
2

x x x
− ⎡ ⎤′= + ⋅ +

⎣ ⎦
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1
2 2

2

1 1 ln(1 ln ) 2 ln
2 1 ln

xx x
x x x

−
= + ⋅ ⋅ =

+
 

(4) arctane (arctan )xy x ′′ = ⋅ arctan
2

1e ( )
1 ( )

x x
x

′= ⋅ ⋅
+

1
arctan 21 1e

1 2
x x

x
−

= ⋅ ⋅
+

arctane
2 (1 )

x

x x
=

+
. 

(5) (sin ) cos sin (cos )n ny x nx x nx′ ′′ = + 1sin (sin ) cos sin ( sin ) ( )n nn x x nx x nx nx− ′ ′= ⋅ + − ⋅  

      
1sin cos cos sin ( sin )n nn x x nx x nx n−= ⋅ + − ⋅ 1sin cos( 1)nn x n x−= + . 

(6) 2
1 1

111
1

xy
xx

x

′+⎛ ⎞′ = ⋅⎜ ⎟−⎝ ⎠+⎛ ⎞+ ⎜ ⎟−⎝ ⎠

2

2 2
( 1) ( 1) ( 1) ( 1)( 1)

2(1 ) ( 1)
x x x x x

x x
′ ′− + − − + −

= ⋅
+ −

 

      

2

2 2
( 1) (1 0)( 1) ( 1)(1 0)

2(1 ) ( 1)
x x x

x x
− + − − + −

= ⋅
+ − 2

1
1 x

= −
+

. 

(7) 2
(arcsin ) arccos arcsin (arccos )

(arccos )
x x x xy

x
′ ′−′ =

2 2

2

1 1arccos arcsin
1 1

(arccos )

x x
x x

x

⎛ ⎞
− −⎜ ⎟⎜ ⎟− −⎝ ⎠=  

      
2 2

arccos arcsin

1 (arccos )

x x

x x

+
=

− 2 2

π

2 1 (arccos )x x
=

−
. 

(8) 1 (ln ln )
ln ln

y x
x

′′ = ⋅
1 1 (ln )

ln ln ln
x

x x
′= ⋅ ⋅

1 1 1
ln ln lnx x x

= ⋅ ⋅
1

(ln ) ln(ln )x x x
= . 

(9) 
2

( 1 1 ) ( 1 1 ) ( 1 1 )( 1 1 )
( 1 1 )

x x x x x x x xy
x x

′ ′+ − − + + − − + − − + + −′ =
+ + −

 

      
2

1 1 1 1(1 ) (1 ) ( 1 1 )
2 21 1

2(1 1 )

x x x x
x x

x

⎡ ⎤′ ′⋅ ⋅ + − ⋅ ⋅ − + + −⎢ ⎥+ −⎣ ⎦=
+ −

  

         
2

1 1 1 1( 1 1 ) (1 ) (1 )
2 21 1

2(1 1 )

x x x x
x x

x

⎡ ⎤′ ′+ − − ⋅ ⋅ + + ⋅ ⋅ −⎢ ⎥+ −⎣ ⎦−
+ −

 

      
2

1 1 1 1(0 1) (0 1) ( 1 1 )
2 21 1

2(1 1 )

x x
x x

x

⎡ ⎤
⋅ ⋅ + − ⋅ ⋅ − + + −⎢ ⎥+ −⎣ ⎦=

+ −
        

         
2

1 1 1 1( 1 1 ) (0 1) (0 1)
2 21 1

2(1 1 )

x x
x x

x

⎡ ⎤+ − − ⋅ ⋅ + + ⋅ ⋅ −⎢ ⎥+ −⎣ ⎦−
+ −

 

      
2 2

1

1 (1 1 )x x
=

− + −
. 

或 

2( 1 1 )
( 1 1 )( 1 1 )

x xy
x x x x

′⎡ ⎤+ − −′ = ⎢ ⎥
+ + − + − −⎣ ⎦

21 1 x
x

′⎛ ⎞− −⎜ ⎟=
⎜ ⎟
⎝ ⎠
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2 2

2
(1 1 ) (1 1 )( )x x x x

x
′ ′− − − − −

=

2 2
2

2

1 10 (1 ) (1 1 ) 1
2 1

x x x
x

x

⎡ ⎤
′− ⋅ ⋅ − − − − ⋅⎢ ⎥

⎢ ⎥−⎣ ⎦=  

  

2
2

2

1 (0 2 ) 1 1
2 1

x x x
x

x

− − − + −
−=

2

2 2

1 1

1

x

x x

− −
=

−
. 

(10) 
2

1 1
111

1

xy
xx

x

′⎛ ⎞−′ = ⋅⎜ ⎟⎜ ⎟+⎝ ⎠⎛ ⎞−
− ⎜ ⎟⎜ ⎟+⎝ ⎠

1 1 1 1
2 2 1 1

x x x
x x x

′+ + −⎛ ⎞= ⋅ ⋅ ⋅ ⎜ ⎟− +⎝ ⎠
 

       2

1 (1 ) (1 ) (1 )(1 )
(1 )2 2 (1 )

x x x x x
xx x

′ ′+ − + − − +
= ⋅

+− 2

1 (0 1)(1 ) (1 )(0 1)
(1 )2 2 (1 )

x x x
xx x

+ − + − − +
= ⋅

+−
 

       
1

1 2 (1 )x x x
= −

+ −
1

(1 ) 2 (1 )x x x
= −

+ −
. 

 
9. 设函数 ( )f x 和 ( )g x 可导, 且 2 2( ) +g ( ) 0f x x ≠ , 试求函数 2 2( ) ( )y f x g x= + 的导数. 

解  2 2

2 2

1 1 ( ) ( )
2 ( ) ( )

y f x g x
f x g x

′⎡ ⎤′ = ⋅ ⋅ +⎣ ⎦
+

 

       [ ]
2 2

1 2 ( ) ( ) 2 ( ) ( )
2 ( ) ( )

f x f x g x g x
f x g x

′ ′= ⋅ +
+ 2 2

( ) ( ) ( ) ( )

( ) ( )

f x f x g x g x

f x g x

′ ′+
=

+
. 

 

10. 设 ( )f x 可导, 求下列函数的导数
d
d
y
x

:  (1) 2( )y f x= ; (2) 2 2(sin ) (cos )y f x f x= + . 

解  (1) 2 2d ( ) ( )
d
y f x x
x

′′= ⋅ 22 ( )xf x′= . 

(2) 2 2 2 2d (sin ) (sin ) (cos ) (cos )
d
y f x x f x x
x

′ ′′ ′= ⋅ + ⋅  

       
2 2(sin ) 2sin (sin ) (cos ) 2cos (cos )f x x x f x x x′ ′′ ′= ⋅ ⋅ + ⋅ ⋅  

       
2 2(sin ) 2sin cos (cos ) 2cos ( sin )f x x x f x x x′ ′= ⋅ ⋅ + ⋅ ⋅ −  

       
2 2sin 2 (sin ) (cos )x f x f x⎡ ⎤′ ′= −⎣ ⎦ . 

 
11. 求下列函数的导数. 

(1) 2e ( 2 3)xy x x−= − + ; (2) 2 2sin sin( )y x x= ⋅ ; (3) 
2

arctan
2
xy ⎛ ⎞= ⎜ ⎟

⎝ ⎠
; (4) ln

n
xy

x
= ; 

(5) e e
e e

t t

t ty
−

−

−
=

+
;   (6) 1ln cosy

x
= ;   (7) 

2 1sin
e xy
−

= ;  

(8) y x x= + ;  (9) 2arcsin 4
2
xy x x= + − ;    (10) 2

2arcsin
1

ty
t

=
+

. 

解 (1) 2 2(e ) ( 2 3) e ( 2 3)x xy x x x x− −′ ′′ = − + + − +  
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2e ( ) ( 2 3) e (2 2 0)x xx x x x− −′= − − + + − +  

           
2e ( 1)( 2 3) e (2 2)x xx x x− −= − − + + −  

           
2( 4 5)e xx x −= − + − . 

(2) 2 2 2 2(sin ) sin( ) sin sin( )y x x x x ′′ ⎡ ⎤′ = + ⋅ ⎣ ⎦  

      
2 2 2 22sin (sin ) sin( ) sin cos( ) ( )x x x x x x′ ′= + ⋅ ⋅  

      
2 2 22sin cos sin( ) sin cos( ) 2x x x x x x= + ⋅ ⋅  

      
2 2 2sin 2 sin( ) 2 sin cos( )x x x x x= ⋅ + ⋅ . 

(3) 2arctan arctan
2 2
x xy

′⎛ ⎞′ = ⎜ ⎟
⎝ ⎠ 2

12arctan
2 2

1+
2

x x
x

′⎛ ⎞= ⋅ ⎜ ⎟
⎝ ⎠⎛ ⎞

⎜ ⎟
⎝ ⎠

 

      2
4 12arctan

2 24
x

x
= ⋅ ⋅

+ 2
4 arctan

24
x

x
= ⋅

+
. 

(4) ( ln ) ( ) ln (ln )n n ny x x x x x x− − −′ ′ ′′ = = + 1 1lnn nnx x x
x

− − −= − + ⋅ 1
1 ln

n
n x

x +

−
= . 

(5) 2
(e e ) (e e ) (e e )(e e )

(e e )

t t t t t t t t

t ty
− − − −

−

′ ′− + − − +′ =
+

 

      2
[e e ( ) ](e e ) (e e )[e e ( ) ]

(e e )

t t t t t t t t

t t
t t− − − −

−

′ ′− − + − − + −
=

+
 

      2
[e e ( 1)](e e ) (e e )[e e ( 1)]

(e e )

t t t t t t t t

t t

− − − −

−

− − + − − + −
=

+ 2
4

(e e )t t−=
+

. 

或 2
1(th )

ch
y t

t
′′ = = . 

(6) 1 1cos
1cos

y
x

x

′⎛ ⎞′ = ⎜ ⎟
⎝ ⎠

1 1 1sin
1cos x x
x

′⎛ ⎞ ⎛ ⎞= ⋅ − ⋅⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

21tan ( )x
x

−= − ⋅ − 2
1 1tan

xx
= ⋅ . 

(7) 
2 1sin 2 1e sinxy

x
− ′⎛ ⎞′ = −⎜ ⎟

⎝ ⎠

2 1sin 1 1e 2sin sinx

x x
− ′⎛ ⎞ ⎛ ⎞= ⋅ − ⋅⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

      

2 1sin 1 1 1e 2sin cosx

x x x
− ′⎛ ⎞ ⎛ ⎞= ⋅ − ⋅ ⋅⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

2 1sin 21 1e 2sin cos ( )x x
x x

− −⎛ ⎞= ⋅ − ⋅ ⋅ −⎜ ⎟
⎝ ⎠

 

      

2 1sin

2
1 2e sinx

xx

−
= ⋅ ⋅ . 

(8) 1 1 ( )
2

y x x
x x

′′ = ⋅ ⋅ +
+

1 1 1 11
2 2 xx x

⎛ ⎞
= ⋅ ⋅ + ⋅⎜ ⎟

⎝ ⎠+ 2

1 2

4

x

x x x

+
=

+
. 

(9) 2
2

1 1( ) arcsin arcsin (4 )
2 2 2 4

x xy x x x
x

′⎛ ⎞′ ′′ = + + ⋅ ⋅ −⎜ ⎟
⎝ ⎠ −

 

      
2 2

1 1 1arcsin (0 2 )
2 2 2 4

1
2

x xx x
xx

′⎛ ⎞= + + ⋅ ⋅ −⎜ ⎟
⎝ ⎠ −⎛ ⎞− ⎜ ⎟

⎝ ⎠
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2 2

2 1arcsin
2 24 4

x x x

x x
= + ⋅ −

− −
arcsin

2
x

= . 

(10) 22

2

1 2
121

1

ty
tt

t

′⎛ ⎞′ = ⋅⎜ ⎟+⎝ ⎠⎛ ⎞− ⎜ ⎟+⎝ ⎠

2 2 2

2 22

1 ( ) (1 ) (1 )2
(1 )1

t t t t t
tt

′ ′+ + − +
= ⋅ ⋅

+−
 

       

2 2

2 22

1 (1 ) (0 2 )2
(1 )1

t t t t
tt

+ + − +
= ⋅ ⋅

+−

2

22

1 2
11

t
tt

−
= ⋅

+−

2

2

2 , 1,
1

2 , 1.
1

t
t

t
t

⎧ <⎪⎪ += ⎨
⎪− >
⎪ +⎩

 

 
   * 12. 求下列函数的导数. 

(1) ch(sh )y x= ; (2) chsh e xy x= ⋅ ;  (3) th(ln )y x= ;  (4) 3 2sh chy x x= + ; 

(5) 2th(1 )y x= − ; (6) 2arsh( 1)y x= + ; (7) 2arch(e )xy = ;  (8) arctan(th )y x= ; 

(9) 2
1ln ch

2ch
y x

x
= + ;     (10) 2 1ch

1
xy
x
−⎛ ⎞= ⎜ ⎟+⎝ ⎠

. 

解  (1) sh(sh ) (sh )y x x ′′ = ⋅ ( )sh sh chx x= ⋅ . 

(2) ch ch(sh ) e sh (e )x xy x x′ ′′ = ⋅ + ⋅ ch chch e sh e (ch )x xx x x ′= ⋅ + ⋅ ⋅  

      
ch chch e sh e shx xx x x= ⋅ + ⋅ ⋅ ch 2e (ch sh )x x x= + . 

(3) 2
1 (ln )

ch (ln )
y x

x
′′ = ⋅ 2

1 1
ch (ln ) xx

= ⋅ 2
1

ch (ln )x x
= . 

(4) 23sh (sh ) 2ch (ch )y x x x x′ ′′ = ⋅ + ⋅ 23sh ch 2ch shx x x x= ⋅ + ⋅
1 sh2 (3sh 2)
2

x x= ⋅ + . 

(5) 2
2 2

1 (1 )
ch (1 )

y x
x

′′ = ⋅ −
− 2 2

1 (0 2 )
ch (1 )

x
x

= ⋅ −
− 2 2

2
ch (1 )

x
x

= −
−

. 

(6) 2
2 2

1 (1 )
1+(1 )

y x
x

′′ = ⋅ +
+ 2 2

1 (0 2 )
1+(1 )

x
x

= ⋅ +
+ 2 4

2

2 2

x

x x
=

+ +
. 

(7) 2
2 2

1 (e )
(e ) 1

x
x

y ′′ = ⋅
−

2
4

1 e (2 )
e 1

x
x

x ′= ⋅ ⋅
−

2
4

1 e 2
e 1

x
x

= ⋅ ⋅
−

2

4

2e

e 1

x

x
=

−
. 

(8) 2
1 (th )

1 (th )
y x

x
′′ = ⋅

+ 2 2
1 1

1 (th ) chx x
= ⋅

+ 2 2
1

ch +shx x
=

1
ch2x

= . 

(9) 31 1(ch ) ( 2) ch (ch )
ch 2

y x x x
x

−′ ′′ = ⋅ + ⋅ − ⋅ ⋅ 31 sh ch sh
ch

x x x
x

−= ⋅ − ⋅ 2
1th 1

ch
x

x
⎛ ⎞= −⎜ ⎟
⎝ ⎠

3th x= . 

(10) 1 12ch ch
1 1

x xy
x x

′− ⎡ − ⎤⎛ ⎞ ⎛ ⎞′ = ⋅⎜ ⎟ ⎜ ⎟⎢ ⎥+ +⎝ ⎠ ⎝ ⎠⎣ ⎦

1 1 12ch sh
1 1 1

x x x
x x x

′− − −⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⋅ ⋅⎜ ⎟ ⎜ ⎟ ⎜ ⎟+ + +⎝ ⎠ ⎝ ⎠ ⎝ ⎠
 

       2
1 ( 1) ( 1) ( 1)( 1)sh 2
1 ( 1)

x x x x x
x x

′ ′− − + − − +⎛ ⎞= ⋅ ⋅⎜ ⎟+ +⎝ ⎠ 2
1 (1 0)( 1) ( 1)(1 0)sh 2
1 ( 1)

x x x
x x
− − + − − +⎛ ⎞= ⋅ ⋅⎜ ⎟+ +⎝ ⎠

 

       2
2 1sh 2

1( 1)
x
xx
−⎛ ⎞= ⋅ ⋅⎜ ⎟++ ⎝ ⎠

. 
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13. 设函数 ( )f x 和 ( )g x 均在点 0x 的某一邻域内有定义, ( )f x 在 0x 处可导, 0( ) 0f x = , ( )g x 在

0x 处连续, 试讨论 ( ) ( )f x g x 在 0x 处的可导性. 
解  令 ( ) ( ) ( )F x f x g x= , 则 

0

0
0

0

( ) ( )
( ) lim

x x

F x F x
F x

x x→

−′ =
− 0

0 0

0

( ) ( ) ( ) ( )
lim
x x

f x g x f x g x
x x→

−
=

−
 

            
0 0

( ) ( )lim
x x

f x g x
x x→

=
− 0

0

0

( ) ( )
lim ( )
x x

f x f x
g x

x x→

−
= ⋅

− 0 0( ) ( )f x g x′= ⋅  

即函数 ( ) ( )f x g x 在 0x 点可导. 

 
14. 设函数 ( )f x 满足下列条件: 

(1) ( ) ( ) ( )f x y f x f y+ = , 对一切 x , y R∈ ; 
(2) ( ) 1 ( )f x xg x= + , 而

0
lim ( ) 1
x

g x
→

= . 

试证明 ( )f x 在R 上处处可导, 且 ( ) ( )f x f x′ = . 

证明  
0

( ) ( )( ) lim
x

f x x f xf x
xΔ →

+ Δ −′ =
Δ

. 

由(1)知 ( ) ( ) ( )f x x f x f x+ Δ = Δ , 所以 

0

( ) ( ) ( )( ) lim
x

f x f x f xf x
xΔ →

Δ −′ =
Δ 0

( ) 1lim ( )
x

f xf x
xΔ →

Δ −
= ⋅

Δ
, 

由(2)知, ( ) 1 ( )f x xg xΔ = + Δ Δ , 因而 

0

1 ( ) 1( ) ( ) lim
x

xg xf x f x
xΔ →

+ Δ Δ −′ =
Δ 0

( ) lim ( )
x

f x g x
Δ →

= Δ , 

由(2)知, ( )
0

lim 1
x

g x
Δ →

Δ = , 所以 ( ) ( ) 1 ( )f x f x f x′ = ⋅ = . 

习题2-3  

1. 求下列函数的二阶导数. 
(1) 22 lny x x= + ;  (2) 2 1e xy −= ;  (3) cosy x x= ; (4) e sinty t−= ; 

(5) 2 2y a x= − ;  (6) 2ln(1 )y x= − ; (7) tany x= ;  (8) 3
1

1
y

x
=

+
; 

(9) 2(1 ) arctany x x= + ; (10) ex

y
x

= ;  (11) 
2

exy x= ;  (12) 2ln( 1 )y x x= + + . 

解  (1) 12 2y x
x

′ = ⋅ +
14x
x

= + , 2
2

14 ( ) 4y x
x

−′′ = + − = − . 

(2) 2 1e (2 1)xy x− ′′ = − 2 12e x−= , 2 12 e (2 1)xy x− ′′′ = ⋅ − 2 14e x−= . 

(3) ( ) cos (cos )y x x x x′ ′′ = + cos sinx x x= − , 

sin [( ) sin (sin ) ]y x x x x x′ ′′′ = − − + sin (sin cos )x x x x= − − + 2sin cosx x x= − − . 

(4) (e ) sin e (sin )t ty t t− −′ ′′ = + e sin e cost tt t− −= − + e (cos sin )t t t−= − , 

          (e ) (cos sin ) e (cos sin )t ty t t t t− −′ ′′′ = − + −  
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e (cos sin ) e ( sin cos )t tt t t t− −= − − + − − 2e cost t−= − . 

(5) 2 2
2 2

1 1 ( )
2

y a x
a x

′′ = ⋅ ⋅ −
− 2 2

1 (0 2 )
2

x
a x

= ⋅ −
− 2 2

x

a x
= −

−
, 

2 2 2 2

2 2 2

( ) ( )

( )

x a x x a xy
a x

′ ′− − −′′ = −
−

2 2 2 2
2 2

2 2

1 1 ( )
2

a x x a x
a x

a x

′− − ⋅ ⋅ ⋅ −
−= −

−
 

      

2 2
2 2

2 2

(0 2 )
2

xa x x
a x

a x

− − ⋅ −
−= −

−

2

2 2 2 2( )

a

a x a x
= −

− −
. 

(6) 2
2

1 (1 )
1

y x
x

′′ = ⋅ −
− 2

1 (0 2 )
1

x
x

= ⋅ −
− 2

2
1

x
x

= −
−

, 

2 2

2 2
( ) (1 ) (1 )2

(1 )
x x x xy

x
′ ′− − −′′ = − ⋅

−

2

2 2
(1 ) (0 2 )2

(1 )
x x x

x
− − −

= − ⋅
−

2

2 2
2(1 )
(1 )

x
x
+

= −
−

. 

(7) 2secy x′ = , 2sec (sec ) 2sec sec tany x x x x x′′′ = = ⋅ 22sec tanx x= . 

(8) 3 2 31 ( 1) ( 1)y x x− ′′ = − ⋅ + ⋅ + 3 2 21 ( 1) (3 0)x x−= − ⋅ + ⋅ + 2 3 23 ( 1)x x −= − + , 

2 3 2 2 3 23 ( ) ( 1) ( 1)y x x x x− −⎧ ⎫′′ ⎡ ⎤′′ = − + + +⎨ ⎬⎣ ⎦⎩ ⎭
{ }3 2 2 3 3 33 2 ( 1) 2( 1) ( 1)x x x x x− −⎡ ⎤′= − + + − + +

⎣ ⎦
 

        
3 2 2 3 3 23 2 ( 1) 2 ( 1) (3 0)x x x x x− −⎡ ⎤= − + − + +⎣ ⎦

3

3 3
6 (2 1)

( 1)
x x
x

−
=

+
. 

(9) 2 2 2
2

1(1 ) arctan (1 )(arctan ) (0 2 )arctan (1 ) 1 2 arctan
1

y x x x x x x x x x
x

′ ′′ = + + + = + + + ⋅ = +
+

, 

(1) (2 ) arctan 2 (arctan )y x x x x′ ′ ′′′ = + + ⋅ 2
12arctan 2

1
x x

x
= + ⋅

+ 2
22arctan

1
xx
x

= +
+

. 

(10) 1 1 2 1( ) e (e ) ( )e ex x x xy x x x x− − − −′ ′′ = + = − + 1 2( )exx x− −= − , 

1 2 1 2( ) e ( )(e )x xy x x x x− − − −′ ′′′ = − + − 2 3 1 2( 2 ) e ( )ex xx x x x− − − −⎡ ⎤= − − − + −⎣ ⎦
2

3
e ( 2 2)x x x

x
− +

= . 

(11) 
2 2 2 2 2( ) e (e ) e e ( )x x x xy x x x x′ ′ ′′ = + = +

2 2

e e 2x xx x= + ⋅
2 2e (1 2 )x x= + , 

2 22 2(1 2 ) e (1 2 )(e )x xy x x′ ′′′ = + + +
2 22 2(0 4 )e (1 2 ) e ( )x xx x x ′= + + + ⋅ ⋅  

   
2 224 e (1 2 ) e 2x xx x x= + + ⋅ ⋅

222 (3 2 )exx x= + . 

(12) 2 2

2 2 2

1 1 1 1( 1 ) 1 (1 )
21 1 1

y x x x
x x x x x

⎡ ⎤
′ ′′ = ⋅ + + = ⋅ + ⋅ +⎢ ⎥

⎢ ⎥+ + + + +⎣ ⎦
 

         
2 2

1 1 11 (0 2 )
21 1

x
x x x

⎡ ⎤
= ⋅ + ⋅ +⎢ ⎥

⎢ ⎥+ + +⎣ ⎦ 2

1

1 x
=

+
, 

3
2 221 (1 ) (1 )

2
y x x

−
′′′ = − ⋅ + ⋅ +

3
2 21 (1 ) (0 2 )

2
x x

−
= − ⋅ + ⋅ +

2 2(1 ) 1

x

x x
= −

+ +
. 

 
2. 设 6( ) ( 10)f x x= + , 求 (2)f ′′′ . 

解  5 5( ) 6( 10) ( 10) 6( 10)f x x x x′′ = + + = + , 4 4( ) 6 5( 10) ( 10) 30( 10)f x x x x′′′ = ⋅ + + = + , 
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3 3( ) 30 4( 10) ( 10) 120( 10)f x x x x′′′′ = ⋅ + + = + , 3(2) 120(2 10) 207360f ′′′ = + = . 

 

3. 设 ( )f x′′ 存在, 求下列函数的二阶导数
2

2
d
d

y
x

: (1) 2( )y f x= ; (2) [ ]ln ( )y f x= . 

解 (1) 2 2 2d ( ) ( ) 2 ( )
d
y f x x xf x
x

′′ ′= ⋅ = , 

2
2 2 2 2 2

2
d 2[1 ( ) ( ) ( ) ] 2[ ( ) ( ) 2 ]
d

y f x x f x x f x x f x x
x

′ ′′ ′ ′ ′′= ⋅ + ⋅ ⋅ = + ⋅ ⋅ 2 2 22[ ( ) 2 ( )]f x x f x′ ′′= + ⋅ . 

(2) d 1 ( )( )
d ( ) ( )
y f xf x
x f x f x

′
′= ⋅ = , 

[ ]
[ ]

[ ]

22

2 2 2

( ) ( ) ( )d ( ) ( ) ( ) ( )
d ( ) ( )

f x f x f xy f x f x f x f x
x f x f x

′′ ′⋅ −′′ ′ ′⋅ − ⋅
= = . 

 

4. 试从
d 1
d

x
y y
=

′
导出: 

(1) 
2

2 3
d
d ( )

x y
y y

′′
= −

′
 ;        (2) 

3 2

3 5
d 3( )
d ( )

x y y y
y y

′′ ′ ′′′−
=

′
. 

解  (1) d 1
d

x
y y
=

′
, 

2

2
d d 1 d 1 d=

d d dd
x x

y y x y yy
⎛ ⎞ ⎛ ⎞

= ⋅⎜ ⎟ ⎜ ⎟′ ′⎝ ⎠ ⎝ ⎠
2 2d 1 1( ) ( ) ( )

d
y y y y

x y y
− −⎡ ⎤ ⎡ ⎤′ ′ ′ ′′= − ⋅ ⋅ = − ⋅ ⋅⎢ ⎥ ⎣ ⎦′ ′⎣ ⎦ 3( )

y
y
′′

= −
′

. 

(2)
3

3 3 3
d d d d

d d dd ( ) ( )
x y y x

y x yy y y
⎡ ⎤ ⎡ ⎤′′ ′′

= − = − ⋅⎢ ⎥ ⎢ ⎥′ ′⎣ ⎦ ⎣ ⎦

3 2

6

d d( ) ( ) 3( ) ( ) 1d d
( )

y y y y y
x x

yy

⎡ ⎤′′ ′ ′′ ′ ′⋅ − ⋅ ⋅⎢ ⎥
= − ⋅⎢ ⎥ ′′⎢ ⎥
⎣ ⎦

 

         

3 2

6
( ) 3( ) 1

( )
y y y y y

yy
⎡ ⎤′′′ ′ ′′ ′ ′′⋅ − ⋅ ⋅

= − ⋅⎢ ⎥ ′′⎣ ⎦

2

5
3( )

( )
y y y

y
′′ ′ ′′′−

=
′

. 

 
5. 已知物体的运动规律为 sins A tω= （ A 和ω 是常数） , 求物体运动的加速度 , 并验证

2
2

2
d 0
d

s s
t

ω+ = . 

解  物体运动的速度为 

d cos cos
d
s A t A t
t

ω ω ω ω= ⋅ ⋅ = , 

物体运动的加速度为 
2

2 2
2

d ( sin ) sin
d

s A t A t s
t

ω ω ω ω ω ω= ⋅ − ⋅ = − = − . 

因而
2

2
2

d 0
d

s s
t

ω+ = . 

 
6. 密度大的陨星进入大气层时, 当它离地心为 s km 时的速度与 s 成反比. 试证陨星的加速度与

2s 成反比. 


